The screening effects of the interaction potentials on the lowest 1 S doubly-excited states of beryllium-like ions were investigated by calculating the density of resonance states within the framework of the stabilization method. Two types of screened interaction potentials, namely static screened Coulomb potential and exponential cosine screened Coulomb potential, were taken into consideration. A model potential was used to describe the interaction between the core and outer electrons, and the Be-like ions were treated as being effectively three-body systems. Calculations were performed for Be and B + . It was possible to calculate the energy and width of one doubly-excited state of Be and four doubly-excited states of B + lying above the 1s 2 2p threshold. Significant changes were found to exist in the behaviour of the width with varying screening parameters. To the best of our knowledge, such an investigation on the doubly-excited states of Be-like ions under screened environments is the first reported calculation of this type in the literature.
Introduction
The effects of screened Coulomb potentials (SCP) on the structural and collisional properties of atomic systems have long been subjects of extensive study [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The Coulomb field of potential around a charge often gets modified or screened due to the influence of an external filed. In few cases, closed-form expressions of screened potentials can be obtained by solving the corresponding Poisson equation. For example, the field of potential around a test charge embedded in weakly coupled plasmas can be adequately described by the static screened Coulomb potential (SSCP) of the following form [1] :
where λ is a function of plasma parameters, known as the screening parameter, and SSCP is a well-known potential. Apart from its occurrence in plasma physics, it occurs in various branches of physics. Another SCP of this kind is the exponential cosine screened Coulomb potential (ECSCP) of the form: V(r) = 1 r e −λ r cos (λ r) (in a.u.),
where λ is the screening parameter. In plasma physics, this type of potential is used to describe the potential around a test charge embedded in quantum plasmas [12] . Besides plasma physics, ECSCPs play fundamental roles in various other branches of physics [13] . Apart from the above-mentioned screened potentials, a number of screened potentials exist in the literature, such as the Hulthen potential, [14] . It has to be mentioned that the screening parameter (λ), which appears in Equations (1) and (2), carries different information for different physical situations. Both the potentials (1) and (2) reduce to the pure Coulomb potential when λ = 0. Furthermore, for a given value of λ, SSCP is stronger than ECSCP. When the interactions among the charged particles in an atomic system are governed by SCP, the structural properties of the system get significantly modified in contrast to the free-atomic system. It is therefore pertinent to look into the changes that an atomic system may undergo when it is subjected to SCP. In this paper, we make an attempt to study the lowest 1 S doubly-excited states (DES) of Be-like ions in which interactions among the charged particles are governed by SCP of the types given in Equations (1) and (2) . The DESs of an atomic system play a fundamental role in the corresponding electron-ion scattering. The decay of such states gives rise to complex resonance structures in the scattering cross section. Knowledge about these resonances is an important tool for getting information about the structure of complex atomic systems. Be-like ions are complex four-electron atomic systems. The structures and spectra of their DESs provide us fruitful information to understand the complicated electron correlation effects, corresponding electron-ion scattering processes, as well as plasma diagnostics. A number of investigations have been made so far to study different DESs in Be-like ions in a vacuum, both theoretically and experimentally . However, the behaviour of the DESs of Be-like ions under a screening environment is yet to be investigated. Performing calculations for multi-electron atoms or ions is a cumbersome task and, in fact, poses enormous computational difficulties due to the involvement of the number of coordinates that is equal to the number of electrons. In this work, we circumvent the involvement of many electrons by resorting to the 'method of model potential' (MMP) which gives us the opportunity to consider a multi-electron atom/ion as consisting of a frozen positive core together with valence (active) electrons going around the frozen core. The frozen core includes the nucleus as well as the other (passive) electrons. Taking into account the effects of passive electrons, the interaction between the frozen core and an active electron is chosen (or modeled) so that the binding energies of the residual system coincide with the observed data [39] . The interaction potential between the frozen core and an active electron is called the model potential (MP). In the present paper, by following the MMP, we consider a Be-like ion to be a two-electron system consisting of a frozen core (nucleus plus 1s 2 electrons) and two 2s active electrons. The interaction between the core and an active electron is then modelled by a suitable model potential. Within this framework, we apply the stabilization method (SM) to calculate the energies and widths of the DESs of Be-like ions. Here, we restrict our calculations to Z = 4 and Z = 5 only, where Z denotes the atomic number, that is Be and B + . Atomic units (a.u.) are used throughout the remaining part of this manuscript unless stated otherwise.
Method and Calculations
Let r 1 and r 2 be the coordinates of the active electrons relative to the core (assumed to be at rest), and let r 12 (= r 1 − r 2 ) be their relative coordinate. The method of model potential has been extensively discussed in the literature [39] [40] [41] [42] , and hence we do not need to discuss it here again. In order to describe the electrostatic interaction between the core and an active electron, Bachau et al. [28] proposed a model potential of the form (in a.u.)
where α is the effective charge felt by the two electrons described by the 1s orbitals. In a screening environment, such as that given by Equations (1) and (2), the above potential takes the form
where = 0 for SSCP and = 1 for ECSCP respectively. With this choice of MPs, the non-relativistic Hamiltonian of Be-like ions interacting with SSCP/ECSCP is given by
For the above Hamiltonian, the spectral density (ρ(E)) is calculated with HΨ = EΨ by employing the stabilization method. Ho and co-workers [43] [44] [45] [46] [47] used this method to determine the resonance parameters (energy, E r and width, Γ) of atomic systems; hence, here, we just give an outline of the method instead of presenting the derivation of the method in detail. In the Feshbach projection formalism, ρ(E) is the union of ρ P (E) and ρ Q (E), where P and Q respectively stand for the open space and closed space [47] . ρ P (E) is a smooth function of the energy (E), whereas ρ Q (E) emerges as a consequence of the complex poles of the underlying Green's function, and it is related to the isolated resonances. For an isolated resonance, it can be shown that ρ Q (E) assumes the following Lorentzian form [48] :
where x 0 is the baseline offset, A is the total area under the curve from the base line, E r is the centre of the peak, and Γ denotes the full width of the peak of the curve at half height (as shown in Figure 1 ).
In this work, we use the following wave function to calculate ρ Q (E) :
where
are linear expansion coefficients, 0 < s < 1 is a scaling parameter, andP is the exchange operator such thatP f ( r 1 , r 2 ) = f ( r 2 , r 1 ) for arbitrary function f . The number of terms (N) in the above wavefunction is determined by ω in such a way that ω = 0 stands for N = 1; ω = 1 stands for N = 4; and so on. For a given value of the screening parameter (λ), we employed the wave function (7) to obtain the energy levels of H as a function of the scaling parameter (s), which led to the stabilization diagram E(s) (as shown in Figure 2 ). The density of the resonance state for the n-th energy level is given by
In general, E varies slowly with s, and hence, ρ Q n (E). However, E changes rapidly with s in the neighbourhood of points at which E(s) takes a sharp turn, causing ρ Q n (E) to take the form of a Lorentzian profile similar to Equation (6) . These points are called the points of avoided crossing (as shown in Figure 2 ). We calculated ρ Q n (E) from each pair of consecutive energy levels in the neighbourhood of each avoided crossing. ρ Q n (E) was then fitted with Lorentzian form (6) to get the resonance energy (E r ) and resonance width (Γ). The resonance parameters for that particular resonance were extracted from the best fitting (where the value of the "coefficient of determination" R 2 is closest to unity). 
Results and Discussion
First, we examined the effectiveness of the model potential (4) used to represent the interaction between the core and an active electron in Be-like ions. We determined the binding energies of Be + and B ++ within the framework of Ritz's variational principle by employing a radial wave function of the form
where D i is the expansion coefficient, and a i is a nonlinear variational parameter. We used α = Z − 5/16 in the model potential (3), as mentioned by Bachau et al. [28] . It was found that a convergent result of up to 10 decimal places can be obtained for binding energies by considering N 1 = 30 in the above wave function. The binding energies of Be + and B ++ thus obtained along with the experimental data [49] are presented in Table 1 . From Table 1 , it can be seen that our present results for the unscreened case are in agreement with the experimental observations [49] . Figure 2 shows the stabilization plots for Be and B + for the unscreened case. The stabilized plateaus (slowly varying energy levels) in the stabilization plots indicate the existence of resonances at the corresponding energies, as indicated by arrows in the stabilization plots. We recognise those resonance states as 3snl ( 1 S) states. For beryllium, the appearance of one stabilized plateau is very clear. This obviously corresponds to the 3s 2 ( 1 S) state. However, for B + , a sequence of stabilized plateaus exists. These correspond to 3s 2 , 3p 2 , 3s4s ( 1 S), etc. The energies and widths of these states were determined by calculating the densities of the states around the avoided crossings followed by fitting the densities to the Lorentzian form (6) . The best fittings for the 3s 2 ( 1 S) states corresponding to Figure 2 are presented in Figure 1 . It should be mentioned that in each fitting (R 2 ) is less than 0.99999. We checked the convergence of the resonance parameters by increasing N in the wave function (7) . This is shown in Table 2 . Our reported results are correct to four decimal places, and the uncertainty was estimated to be a few parts in the last quoted digit. All other reported results in this paper were obtained by using 372 terms in the wave function (7), and energies were measured relative to the corresponding core energies. Table 2 . Energies (in a.u.) and widths (in a.u.) of the DESs of the Be-like ions for λ = 0 lying above the 1s 2 2p threshold for different N in Equation (7). Energies are measured relative to the energy of the corresponding core.
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Be (3s In Table 3 we put up our present results for the unscreened case along with the results of some other calculations. It is seen that our present results fairly agree with the results of other calculations [15, 26, 27] . It is to be mentioned that in case of Be we have been able to determine the resonance parameters for 3s 2 ( 1 S) state only. Higher states, such as 3p 2 , 3s4s ( 1 S), seem to have been mixed together, and they are not easily to be determined. Similarly, in case of B + , we have able to extract resonance parameters for only four states-3s 2 , 3p 2 , 3s4s, 3s5s ( 1 S) states. It seems that we need to extend the wave function (7) to a great extent for being able to determine the resonance parameters of those states. Superscripts (1), (2), (3), (4) over E r (and Γ) have been used to denote the energy (and width) of 3s 2 , 3p 2 , 3s4s, 3s5s ( 1 S) states of B + . Table 3 . Energies (in a.u.) and widths (in a.u.) of the doubly-excited states (DESs) of Be-like ions for λ = 0 lying above the 1s 2 2p threshold. Energies were measured relative to the energy of the corresponding core. Rows (a), (b) and (c) correspond to the results of Refs. [16, 26, 27] , respectively. The behaviour of the resonance energy with varying screening parameters is presented in Figure 3 . The numerical results of energy and width are shown in Table 4 . It was observed that energy increases with increasing λ, and ultimately, the corresponding state disappears as the energy approaches the 3S state of the corresponding one-electron ion. The resonance states are sustained in SSCP for larger screening parameter values than in ECSCP. This is expected, because with an increasing λ, the interaction potential becomes weaker. Furthermore, for a given value of λ, ECSCP is weaker than SSCP. The variation in the width of the DESs with varying λ is presented in Figure 4 . We notice that the width of the 3s 2 ( 1 S) state decreases with an increasing λ value. Note that this state lies well below the Be + (3s) (or B ++ (3s)) and exhibits the properties of Feshbach resonance. The autoionization of Feshbach resonance is usually accomplished through momentum transfer. In a screening environment, slow movements of the electrons prolong the autoionization lifetime, and as a result, the resonance width decreases due to the uncertainty principle. The same thing happens for the 3p 2 ( 1 S) state too, i.e., the width decreases for increasing λ values. However, the behaviour of the width for small values of λ seems to be yielded by the oscillatory behaviour of ECSCP. Such a phenomenon was also observed in earlier investigations [1, 43, 45] . The 3s4s ( 1 S) state is rather close to the threshold of the Be + (3s) (or B ++ (3s)) state. As a result, with an increasing λ of the wave packet, this state crosses over the threshold and autoionizes through tunneling in a manner similar to that of shape resonance. In general, the width of shape resonance increases as its energy moves away from the threshold. In our case, it is the part of the wave function which crosses over and moves away from the threshold as λ is increased. In shape resonance, the potential barrier through which the electrons tunnel out becomes narrower as the resonance energy is separated further from the threshold, and the tunneling time becomes shorter, leading to the broadening of the width, again due to the uncertainty principle. Thus, the simultaneous effect of a decreasing width owing to the Feshbach resonance character and an increasing width owing to the shape resonance controls the behaviour of the width of the 3s4s ( 1 S) state such a behavior (first decreases and then increases). The same reason can be put up to qualitatively explain the behavior of the 3s5s ( 1 S) state. This state is very close to the Be + (3s) (or B ++ (3s)) threshold, and autoionization is dominated by the tunneling process similar to that for shape resonance. As a result, the width increases with increasing λ. We should mention here that this is our qualitative explanation. A detailed quantitative study in this regard is, of course, of special interest in the future. 
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Conclusions
The behaviour of the lowest 1 S DESs of Be-like ions under SCP was investigated by employing the SM. Resorting to the MMP enabled us to evade the cumbersome calculations required for four-electron atomic systems. Though there was an indication of the existence of a series of DESs of Be and B + , we were able to compute the energy and width of the 3s 2 ( 1 S) state of Be and the 3s 2 , 3p 2 , 3s4s, 3s5s ( 1 S) states of B + using a 372-term wave function. It seems that higher states of Be are mixed together. The use of a wave function of larger size might resolve the problem. Our present findings show that the energy and width of the DESs undergo significant changes with varying strengths of the screening parameter. In particular, the changes introduced in the width are quite interesting. Though we have given a qualitative explanation behind these changes, it is worth studying these changes quantitatively. We hope that our present findings will be of importance to research in atomic physics, plasma physics, astrophysics, and solid state physics. Moreover, we invite experimental works to validate our present findings. 
